Wave-like deformations for oscillating carbon nanotubes  by Baowan, Duangkamon & Hill, James M.
Available online at www.sciencedirect.comInternational Journal of Solids and Structures 44 (2007) 8297–8312
www.elsevier.com/locate/ijsolstrWave-like deformations for oscillating carbon nanotubes
Duangkamon Baowan *, James M. Hill
Nanomechanics Group, School of Mathematics and Applied Statistics, University of Wollongong, NSW 2522, Australia
Received 15 August 2006; received in revised form 1 May 2007; accepted 15 June 2007
Available online 21 June 2007Abstract
Carbon nanostructures such as nanotubes and fullerenes, represent future materials because of their remarkable
mechanical, electrical and thermal properties. Double-walled carbon nanotubes are widely studied as possible gigahertz
oscillators, where the inner tube oscillates within the outer tube. These oscillators are believed to generate frequencies
in the gigahertz range and typically of the order of 1–74 GHz. They are also known to generate wave-like formations
on the outer surface. In this paper, we study such induced deformations on the surface of the outer tube, as generated
by the moving inner tube. Following previous authors we assume that double-walled carbon nanotubes can be modelled
as transversely isotropic linearly elastic materials. Using a previously derived approximate force distribution for the resul-
tant van der Waals forces arising from the interatomic interactions, we solve a dynamic linearly elastic problem, and show
that the resulting solution exhibits wave-like behaviour.
 2007 Elsevier Ltd. All rights reserved.
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The discovery of carbon nanotubes by Iijima (1991) has led to the possible creation of many new nanoscale
devices. Such carbon nanostructures have special mechanical, electrical and thermal properties, such as high
strength, high ﬂexibility, small size, and low density, and their study presents many fundamental challenges.
Numerous experiments (see for example, Bockrath et al., 1997; Yu et al., 2000; Qian et al., 2002; Persson et al.,
2004) and molecular dynamics simulations (see for example, Lu, 1997; Tu and Ou-Yang, 2002; Qian et al.,
2002; Sapmaz et al., 2003) examine these unique properties, but overall there is a lack of conventional applied
mathematical modelling.
Carbon nanotubes are believed to be perfectly elastic materials in the sense that they return to their original
conﬁgurations when the applied loads are released (Qian et al., 2002). There are many experiments and
molecular dynamics simulations which study their elastic properties (see for example, Lu, 1997; Yu et al.,
2000; Zhao et al., 2002; Qian et al., 2002; Jin and Yuan, 2003; Shen and Li, 2004, 2005). Yu et al. (2000) study0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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modulus. Alternatively, Zhao et al. (2002) use quantum mechanical and molecular mechanical calculations
to model the deformation in carbon nanotubes under an applied load. They determine a value in the order
of 1 TPa for the Young’s modulus, which is much higher than values proposed in previous investigations.
These authors suggest that carbon nanotubes are the strongest known material. Lu (1997) presents values
of elastic moduli using constant-force models for both single-walled and multi-walled carbon nanotubes
and also for nanoropes. He ﬁnds that the elastic properties are insensitive to the helicity, the radius and
the number of walls. Tersoﬀ and Ruoﬀ (1994), Popov et al. (2000), Thostenson and Chou (2003) and Shen
and Li (2004, 2005) propose that carbon nanotubes might be modelled as a transversely isotropic linearly elas-
tic material. Shen and Li (2004, 2005) also study the deformation of carbon nanotubes under loading and
obtain values for the elastic constants and elastic moduli. Jin and Yuan (2003) use molecular dynamics sim-
ulations as well as the Lennard–Jones potential, to study the elastic properties of single-walled carbon nano-
tubes. They determine the elastic moduli using energy and force approaches which give rise to approximately
the same numerical values as Shen and Li (2004, 2005).
In terms of the development of the theory for transversely isotropic linearly elastic materials, Elliott (1948)
is the ﬁrst to introduce the general three-dimensional solution for such materials. He ﬁnds that the solutions
for displacements and stresses can be described in terms of two harmonic functions, and subsequently many
researchers examine the physical properties of such materials. Moreover, Elliott (1949) solves the problems of
the rigid conical punch, rigid spherical ball indentation, cylindrical punch and a disk-shaped ‘Griﬃth’ crack in
solids under tension. The line force in an inﬁnite plate, elliptical crack and punch and isolated force with plane
boundary are studied by Shield (1951). Payne and Green (1954) modify these transversely isotropic solutions
and introduce another potential function for curvilinear coordinates, which corresponds to the Mehler’s
expansion theorem. They also study the punch problem, the Boussinesq problem, and crack problems for both
pressure prescribed and displacement prescribed cases. Furthermore, Selvadurai (1980) studies a rigid disc
inclusion embedded in a transversely isotropic elastic medium of inﬁnite extent. He considers the displacement
and stress equations with no body force and shows that in general there are three potential functions /1(r,h,z),
/2(r,h,z) and w(r,h,z) needed for the solution of transversely isotropic materials.
Many authors examine the oscillatory behaviour of nested carbon nanotubes. Cumings and Zettl
(2000) employ a high-resolution transmission electron microscope to follow the motion of the core of
a multi-walled carbon nanotube when the core is pulled out and then released. They then calculate
the van der Waals and frictional forces and conclude that the frictional force is negligible and has little
eﬀect on the oscillatory behaviour. Yu et al. (2000) use a scanning electron microscope to investigate the
friction between tubes of multi-walled carbon nanotubes and ﬁnd that the frictional force depends on
the chirality of the tubes. Zheng and Jiang (2002,) propose the gigahertz oscillator for uncapped outer
and capped inner tubes of multi-walled carbon nanotubes. They use the Lennard–Jones potential func-
tion and Newton’s second law to calculate the oscillation frequency assuming that the frictional force
may be neglected. They observe that the oscillation occurs primarily because of an excess van der Waals
interaction energy. In terms of molecular dynamics studies, Legoas et al. (2003) ﬁnd that the frictional
force between inner and outer shells can be neglected, which is in agreement with Zheng and Jiang
(2002,), and suggests that the conﬁgurations of the inner and outer tubes aﬀect the oscillation frequency.
Rivera et al. (2003, 2005) observe the damped oscillation and low frictional force in their molecular
dynamics simulations. In this paper, as a ﬁrst attempt to model the wave formation on the outer surface
we assume that the frictional force may be neglected.
In this paper, we further model the phenomenon of nanoscale oscillators, and in particular we exam-
ine the generation of a wave-like formation on the outer surface of a double-walled carbon nanotube
arising from the motion of an oscillating inner tube. In the following section we formulate the basic
governing equations for transversely isotropic linearly elastic materials. Sections 3 and 4 present the
model formulation and the analysis for the assumed solutions for the displacements and stresses, respec-
tively, and the key mathematical solution details are outlined in Appendix A. Values for the elastic con-
stants for single-walled carbon nanotubes and multi-walled carbon nanotubes are discussed in Section 5
and detailed tables of numerical values are listed in Appendix B. Numerical results and conclusions are
presented in Sections 6 and 7, respectively.
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Transversely isotropic materials are those materials which possess a single axis about which the material is
isotropic, but the material is not isotropic with respect to any other axis. In other words, transversely isotropic
materials have the same properties in a plane which is orthogonal to the single axis, but these properties diﬀer
for diﬀerent planes along the axis. This constitutive assumption has been proposed for carbon nanotubes (see
for example, Jin and Yuan, 2003; Lu, 1997; Shen and Li, 2004, 2005). However, not all authors adopt this
approach. For example, Wang et al. (2005) and Yakobson et al. (1996) show that both the inner and outer
tubes, as rolled graphite monolayers, can be successfully modelled as thin shells with an extremely high in-shell
Young’s modulus (E  5.5 TPa) and an extra-thin thickness (h  0.067 nm). If the carbon nanotubes are mod-
elled as a thick tube of transversely isotropic material, then this could result in illusive interior vibrations.
Despite this possible drawback, in this paper we adopt the transverse isotropic assumption as being the pre-
ferred model for the majority of investigators in this area such as Tersoﬀ and Ruoﬀ (1994), Popov et al. (2000),
Thostenson and Chou (2003) and Shen and Li (2004, 2005).
From the stress and strain relations as given by Hooke’s law, we may write the stiﬀness matrix in the formrxx
ryy
rzz
ryz
rzx
rxy
0
BBBBBBBB@
1
CCCCCCCCA
¼
C11 C12 C13 0 0 0
C12 C11 C13 0 0 0
C13 C13 C33 0 0 0
0 0 0 2C44 0 0
0 0 0 0 2C44 0
0 0 0 0 0 C11  C12
0
BBBBBBBB@
1
CCCCCCCCA
exx
eyy
ezz
eyz
ezx
exy
0
BBBBBBBB@
1
CCCCCCCCA
; ð1Þwhere Ckl (k, l = 1,2,3,4) denote certain constants, rij (i, j = 1,2,3) denote the Cauchy stress tensor in Carte-
sian coordinates xj (j = 1,2,3) = (x,y,z) and we adopt the strain tensor deﬁned byeij ¼ 1
2
oui
oxj
þ ouj
oxi
 
; ði; j ¼ 1; 2; 3Þ ð2Þwhere ui(x,y,z) (i = 1,2,3) denote the three displacements (u,v,w). Explicitly in terms of (x,y,z) we haveexx ¼ ouox ; eyy ¼
ov
oy
; ezz ¼ owoz ; eyz ¼
1
2
ov
oz
þ ow
oy
 
; ezx ¼ 1
2
ow
ox
þ ou
oz
 
; exy ¼ 1
2
ou
oy
þ ov
ox
 
; ð3Þand this notation is adopted by Fung (1965) p. 94, Sokolnikoﬀ (1956) p. 22 and Landau and Lifshitz (1970) p.
3. We emphasize that some authors employ the notation referred to as the engineering strain (Ding et al., 2006
p. 4; Lure, 1964 p. 9; Tran-Cong, 1979 p. 2)exx ¼ ouox ; eyy ¼
ov
oy
; ezz ¼ owoz ; cyz ¼
ov
oz
þ ow
oy
 
; czx ¼
ow
ox
þ ou
oz
 
; cxy ¼
ou
oy
þ ov
ox
 
; ð4Þwhile others such as Elliott (1948), Green and Zerna (1968) p. 176, Love (1927) p. 38 and Rekach (1979) p. 25
employ the strain-tensorexx ¼ ouox ; eyy ¼
ov
oy
; ezz ¼ owoz ; eyz ¼
ov
oz
þ ow
oy
 
; ezx ¼ owox þ
ou
oz
 
; exy ¼ ouoy þ
ov
ox
 
: ð5ÞThroughout the present work we consistently adopt the notation (3) for the strain-tensor.
For transversely isotropic linearly elastic materials, the inverse relations to (1) (i.e. the so-called compliance
matrix) becomes
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eyy
ezz
eyz
ezx
exy
0
BBBBBBBB@
1
CCCCCCCCA
¼
S11 S12 S13 0 0 0
S12 S11 S13 0 0 0
S13 S13 S33 0 0 0
0 0 0 S44=2 0 0
0 0 0 0 S44=2 0
0 0 0 0 0 S11  S12
0
BBBBBBBB@
1
CCCCCCCCA
rxx
ryy
rzz
ryz
rzx
rxy
0
BBBBBBBB@
1
CCCCCCCCA
: ð6ÞIn terms of the Poisson’s ratio and Young’s modulus in the transverse plane and Poisson’s ratio, Young’s
modulus and shear modulus in the longitudinal directions; namely m,E and m 0,E 0,l 0, respectively, we have
the relationsexx ¼ 1E ðrxx  mryyÞ 
m0
E0
rzz; exz ¼ 1
2l0
rxz; eyy ¼ 1E ðmrxx þ ryyÞ 
m0
E0
rzz; eyz ¼ 1
2l0
ryz;
ezz ¼  m
0
E0
ðrxx þ ryyÞ þ 1E0 rzz; exy ¼
1þ m
E
rxy ; ð7Þand the following values for the constants Sij can be written asS11 ¼ 1E ; S12 ¼ 
m
E
; S13 ¼  m
0
E0
; S33 ¼ 1E0 ; S44 ¼
1
l0
: ð8ÞThe constants Cij can be shown to be given by the expressionsC11 ¼ D ðEm
02  E0Þ
ð1þ mÞ ; C12 ¼ D
 ðE0mþ Em02Þ
ð1þ mÞ ;C13 ¼ D
E0m0; C33 ¼ D E
02
E
ðm 1Þ; C44 ¼ l0; ð9Þwhere the quantity D* is deﬁned byD ¼ EðE0m E0 þ 2Em02Þ : ð10ÞWe note that in cylindrical coordinates (r,h,z) the stiﬀness matrix involves the same constants as in Cartesian
coordinates and is given byrrr
rhh
rzz
rhz
rrz
rrh
0
BBBBBBBB@
1
CCCCCCCCA
¼
C11 C12 C13 0 0 0
C12 C11 C13 0 0 0
C13 C13 C33 0 0 0
0 0 0 2C44 0 0
0 0 0 0 2C44 0
0 0 0 0 0 C11  C12
0
BBBBBBBB@
1
CCCCCCCCA
err
ehh
ezz
ehz
erz
erh
0
BBBBBBBB@
1
CCCCCCCCA
: ð11ÞFurther, in cylindrical polar coordinates (r,h,z), the momentum equations can be written in vector form as the
following:orrr
or
þ 1
r
orrh
oh
þ orrz
oz
þ rrr  rhh
r
þ fr ¼ q d
2u
dt2
;
orrh
or
þ 1
r
orhh
oh
þ orhz
oz
þ 2
r
rrh þ fh ¼ q d
2v
dt2
; ð12Þ
orrz
or
þ 1
r
orhz
oh
þ orzz
oz
þ 1
r
rrz þ fz ¼ q d
2w
dt2
;while the strain relations in terms of displacements in cylindrical coordinates are
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1
r
ov
oh
þ u
r
; ezz ¼ owoz ; erh ¼
1
2
1
r
ou
oh
þ ov
or
 v
r
 
; erz ¼ 1
2
ow
or
þ ou
oz
 
;
ehz ¼ 1
2
ov
oz
þ 1
r
ow
oh
 
; ð13Þwhere (u,v,w) = (ur,uh,uz) and these denote the physical components of the displacement vector. From the
matrix for Hooke’s law (11), the stress equations are given byrrr ¼ C11err þ C12ehh þ C13ezz; rhh ¼ C12err þ C11ehh þ C13ezz; rzz ¼ C13ðerr þ ehhÞ þ C33ezz;
rhz ¼ 2C44ehz; rrz ¼ 2C44erz; rrh ¼ ðC11  C12Þerh:From these relations, the momentum Eq. (12) for transversely isotropic linearly elastic materials can be writ-
ten asC11
o2u
or2
þ ðC11  C12Þ
2
1
r2
o2u
oh2
þ C44 o
2u
oz2
þ ðC11 þ C12Þ
2
1
r
o2v
oroh
 C11 1r2 u
þ ðC13 þ C44Þ o
2w
oroz
þ C11 1r
ou
or
 ð3C11  C12Þ
2
1
r2
ov
oh
þ fr ¼ q d
2u
dt2
;
ðC11  C12Þ
2
o2v
or2
þ C11 1r2
o2v
oh2
þ C44 o
2v
oz2
þ ðC11 þ C12Þ
2
1
r
o2u
oroh
þ ðC13 þ C44Þ 1r
o2w
ohoz
þ ð3C11  C12Þ
2
1
r2
ou
oh
þ ðC11  C12Þ
2
1
r
ov
or
 ðC11  C12Þ
2
1
r2
vþ fh ¼ qd
2v
dt2
; ð15Þ
C44
o2w
or2
þ C44 1r2
o2w
oh2
þ C33 o
2w
oz2
þ ðC13 þ C44Þ o
2u
oroz
þ ðC13 þ C44Þ 1r
o2v
ohoz
þ ðC13 þ C44Þ 1r
ou
oz
þ C44 1r
ow
or
þ fz ¼ qd
2w
dt2
;where Ckl are the constants appearing in Hooke’s law as given by Eq. (1).3. Model formulation and boundary conditions
We consider a double-walled uncapped carbon nanotube, for which the half-length of the inner and outer
tubes are L1 and L2, respectively, the inner tube has radius a, the outer tube has radius b and the thickness of
the outer tube is assumed to be h, and for convenience, we write c = b + h. The present authors Baowan and
Hill (2007) calculate the force distribution for double-walled carbon nanotubes using the continuum approach
for which the atoms are assumed to be smeared over the surfaces on both the inner and outer tubes. The resul-
tant van der Waals force is calculated assuming prescribed surface densities of carbon atoms along the surfaces
r = a for the inner tube and r = b for the outer tube, and is evaluated by two surface integrals. Further, here
we assume that these surface inter-atomic interactions, described by the van der Waals force, dominate. We
then use the transversely isotropic linearly elastic equations to model the deformations for the outer tube
assuming a stress free boundary condition on the outer surface r = c and a stress rrz = s and rrr = 0 acting
on the inner surface r = b. The stress s is the van der Waals force per unit contact area which we assume arises
from the motion of the inner tube moving in the z-direction, as illustrated in Fig. 1.
We assume that the length of the outer tube is very long in comparison to the length of the inner tube, so
that the contact area is given by A = 4pa L1. We further suppose that the force distribution for double-walled
carbon nanotubes, derived in Baowan and Hill (2007) and shown in Fig. 2, can be idealised by the dotted line
shown in the ﬁgure. That is, we approximate the actual force distribution in terms of Heaviside functions as
followsf ðzÞ ¼ W ½Hðzþ L1 þ L2Þ  Hðz L1 þ L2Þ  W ½Hðzþ L1  L2Þ  Hðz L1  L2Þ; ð16Þ
Fig. 1. Diagram of double-walled carbon nanotube.
Fig. 2. Force distribution approximated by Heaviside functions
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given byf ðzÞ ¼
X1
n¼1
bn sin nz; bn ¼ 1
2L
Z 2L
2L
f ðzÞ sin npz
2L
 
dz; ð17Þwhere f(z) is a piecewise continuous function in the interval [2L, 2L] and has period 4L. Using (16) and (17),
the Fourier series expansion for the van der Waals force with period 4(L1 + L2) for arbitrary lengths L1 and L2
can be written asf ðzÞ ¼ 2W
p
X1
n¼1
1
n
cos
np
2
 
 cos npðL2  L1Þ
2ðL1 þ L2Þ
  	
sin
npz
2ðL1 þ L2Þ
 
: ð18ÞFrom the oscillatory behaviour, this force is time dependent with angular frequency x and from (18) we may
supposef ðz; tÞ ¼ 2W
p
X1
n¼1
1
n
cos
np
2
 
 cos npðL2  L1Þ
2ðL1 þ L2Þ
  	
sin
npz
2ðL1 þ L2Þ
 
eixt: ð19Þ
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Baowan and Hill (2007) where x = 2pf and L15 L2. This oscillation frequency is derived for an inner tube
extruded an initial distance d from the end of the outer tube and simultaneously given an initial velocity v0 in
the negative z-direction. Finally, the stress boundary conditions at r = c are rrz = rrr = 0 while at r = b we
haverrz ¼ W
2aL1p2
X1
n¼1
1
n
cos
np
2
 
 cos npðL2  L1Þ
2ðL1 þ L2Þ
  	
sin
npz
2ðL1 þ L2Þ
 
eixt;
rrr ¼ 0: ð20Þ
We comment that in the process of modelling the van der Waals force by Eq. (18), we follow usual continuum
practice and ignore the small scale eﬀects, which occur at the four points Z = ±(L1 + L2) and Z = ±(L1  L2).
In adopting this approach, we exclude by necessity any information pertaining to the atomic lattice length
characteristics, and the critical length characteristic embodied in (18) is the macro-length (L1 + L2). Having
established (18) as the van der Waals force, Eq. (19) is merely the time dependent form of (18) with a pre-
scribed angular velocity x, and which is speciﬁcally adopted in order that the governing continuum equations
admit separable solutions. However, the Eq. (19) is by no means unique, and other forms are possible, but
these alternatives would not necessarily give rise to tractable equations.4. Displacement and shear force solutions
We now suppose that the displacements of the outer tube (u,v,w), where u, v and w are the physical com-
ponents of displacement in the r, h and z directions, respectively, are synchronized with respect to the motion
of the inner tube and therefore have the same angular frequency. We also assume that there is no torsional
motion, so that v becomes zero and u and w can be written asuðr; z; tÞ ¼
X1
n¼1
fnðrÞ cosðknzÞeixt; wðr; z; tÞ ¼
X1
n¼1
gnðrÞ sinðknzÞeixt: ð21ÞOn solving the momentum Eq. (15) neglecting any body force, we may readily show that the functions fn(r)
and gn(r) are given byfnðrÞ ¼ An1J 1ðpn1rÞ þ An2Y 1ðpn1rÞ þ An3J 1ðpn2rÞ þ An4Y 1ðpn2rÞ;
gnðrÞ ¼ Sn1½An1J 0ðpn1rÞ þ An2Y 0ðpn1rÞ þ Sn2½An3J 0ðpn2rÞ þ An4Y 0ðpn2rÞ; ð22Þwhere J0, J1 and Y0, Y1 are Bessel functions of the ﬁrst and second kinds, respectively, An1, An2, An3 and An4
denote four arbitrary constants and pn1, pn2, Sn1 and Sn2 are constants which involve the elastic constants and
are given bypn1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðC213  C11C33 þ 2C13C44Þk2n þ ðC11 þ C44Þqx2 þ
ﬃﬃﬃﬃ
qn
p
2C11C44
s
;
pn2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðC213  C11C33 þ 2C13C44Þk2n þ ðC11 þ C44Þqx2 
ﬃﬃﬃﬃ
qn
p
2C11C44
s
;
Sn1 ¼ pn1
2knðC13 þ C44Þðqx2  C33k2nÞ
½ð2C13C44 þ C213 þ C11C33Þk2n
þ ðC44  C11Þqx2  ﬃﬃﬃﬃqnp ;
Sn2 ¼ pn2
2knðC13 þ C44Þðqx2  C33k2nÞ
½ð2C13C44 þ C213 þ C11C33Þk2n
þ ðC44  C11Þqx2 þ ﬃﬃﬃﬃqnp ;and
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C13
2
 2" #
k4n þ ðC11  C44Þ2q2x4
 2qx2k2nfC33C211  ½2C244 þ ðC33 þ 2C13ÞC44 þ C213C11  2C13C244
 C213C44g:From the stress–strain relations for rrr and rrz in (13) and (14), we obtainrrr ¼
X1
n¼1 cosðknzÞe
ixt An1 anJ 0ðpn1rÞ 
C11
r
J 1ðpn1rÞ
 
þ An2 anY 0ðpn1rÞ 
C11
r
Y 1ðpn1rÞ
 
þ An3 bnJ 0ðpn2rÞ½ :
C11
r
J 1ðpn2rÞ

þ An4 bnY 0ðpn2rÞ 
C11
r
Y 1ðpn2rÞ
 	
; ð23Þ
rrz ¼ 
X1
n¼1
C44 sinðknzÞeixt An1cnJ 1ðpn1rÞ þ An2cnY 1ðpn1rÞ½
þAn3dnJ 1ðpn2rÞ þ An4dnY 1ðpn2rÞ;
where an, bn, cn and dn are further constants deﬁned byan ¼ pn1C11  knSn1C13; bn ¼ pn2C11  knSn2C13; cn ¼ pn1Sn1 þ kn; dn ¼ pn2Sn2 þ kn:
From the boundary conditions at r = b and (23)2 we can deducekn ¼ np
2ðL1 þ L2Þ ; sn ¼
W
2naL1p2C44
cos
npðL2  L1Þ
2ðL1 þ L2Þ
 
 cos np
2
  	
;and from the stress boundary conditions we can formulate a system of four equations in the four unknowns
Ani (i = 1,2,3,4), which we may readily solve using MAPLE and the details are summarised in Appendix A.5. Tables of elastic constants
Experiments and theoretical studies have shown that carbon nanotubes can be modelled as transversely iso-
tropic linearly elastic materials for which the elastic constants and elastic moduli deﬁne their elastic properties.
In this paper, we examine three contributions, Lu (1997), Jin and Yuan (2003) and Shen and Li (2005), all of
whom evaluate the elastic constants and elastic moduli for both single-walled and multi-walled carbon
nanotubes.
Lu (1997) uses an empirical force-constant model and Lennard–Jones potential function to investigate the
elastic properties of carbon nanotubes and nanoropes. For the carbon nanotube structures, he ﬁnds that the
elastic moduli are insensitive to the radius, the helicity and the number of walls. He also reports the values of
elastic constants C11 and C33, and elastic moduli namely Poisson ratio m, bulk B, Young’s Y and shearMmod-
uli for both single-walled and multi-walled carbon nanotubes. In our notations, Poisson ratio, Young’s and
shear moduli are deﬁned by m 0, E 0 and l 0, respectively. We obtain E and m by solving the equations for C11
and C33 in (9). Finally, the elastic constants for single-walled and multi-walled carbon nanotubes based on
Lu (1997) are shown in Appendix B, Tables B.1 and B.2, respectively.
Jin and Yuan (2003) use molecular dynamics simulations as well as Lennard–Jones potential to study the
elastic properties of single-walled carbon nanotubes. They determine the values of elastic moduli, denoted as
Poisson’s ratio mzh, mhz, Young’s Ez, Eh and shear Ghz moduli, and elastic constants C33 and C23, by using
energy and force approaches, which give approximately the same numerical values. Here, we use the values
of elastic moduli from the force approach throughout the study. In our terminologies, E, E 0, l 0 and C13 refer
to their Ez, Eh, Ghz and C23, respectively. Poisson’s ratio in longitudinal direction m 0 is given by averaging mhz
and mzh and Poisson’s ratio in transverse plane m is obtained by solving C33 in (9). Thus, the values of elastic
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Table B.3.
Shen and Li (2005) also study the elastic properties of single-walled and double-walled carbon nanotubes
by assuming that carbon nanotube structures are transversely isotropic linearly elastic materials. They calcu-
late ﬁve elastic moduli, denoted as Poisson’s ratio m12, Young’s E11, shear G12,G23 and bulk K23 moduli, by
analyzing the deformations under loading conditions. We note that in their work 1 is denoted the longitudinal
or Z direction, then E11, m12, G12, K23 and G23 refer to E 0, m 0, l 0, K and G, respectively. Therefore, we obtain the
values of elastic constants by using the formulae in (9), shown in Appendix B, Tables B.4 and B.5.
We notice the large variation in the numerical values of these elastic constants is primarily due to the uncer-
tainty regarding the actual values of the wall thickness, the diﬀerent potential functions in the study, the cal-
culation methods, and the size of the time step (Mylvaganam and Zhang, 2004; Vodenitcharova and Zhang
(2003)).
6. Numerical results
In this section, we show graphically the displacements u and w for a double-walled carbon nanotubes mod-
elled as a transversely isotropic linearly elastic material. Using the algebraic package MAPLE, we plot the dis-
placements u and w versus an arbitrary point on the z axis of the outer surface of the outer tube. Following
previous work by Baowan and Hill (2007), we use the same values of the van der Waals constants to determine
the van der Waals force. For the elastic constants Cij, we use the values given in Table B.2 for n = 2. Of par-
ticular practical interest is the case when the initial velocity is zero and the extrusion distance is d = L1, for
which the graphs of the displacements u and w are given in Figs. 3 and 4 where W = 1, h = 0.66 A˚,
L1 = 10 nm and L2 = 500 nm.
We observe thewave-like deformations which depend on both space and time on the outer surface of the outer
tube. The deformation in the r-direction is a transverse wave representing the rippling on the surface, whereas the
deformation in the z-direction is a longitudinal wave tending to compress the tube. Further, we see that the defor-
mation amplitude in the z-direction is much larger than that in the r-direction, showing that the tube behaves
more like a spring. Moreover, the largest deformations are at the ends of the outer tube arising from the large
attractive force there. Due to the assumed negligible friction, the deformation has the same pattern every
14.24 ps, which is the period T of the oscillation. At t = 0 and t = T/2, the deformations have the same shape
in both r and z directions but are opposite in phase. Similarly for t = T/4 and t = 3T/4, the deformations at these
times also have the same pattern but are opposite in phase, as shown in Figs. 3 and 4.
7. Conclusions
In this paper, we assume that oscillating carbon nanotubes can be modelled as transversely isotropic line-
arly elastic materials and that the oscillating inner tube moves in the axial direction only while the outer tube
remains ﬁxed. Furthermore, the length of the inner tube L1 is assumed to be very small in comparison to the
length of the outer tube L2. The van der Waals force distribution is obtained from previous work of the
authors, and is assumed to be calculated from the continuum approximation, which assumes that the inter-
atomic interactions can be modelled by smearing the atoms uniformly across the surface. On neglecting
any frictional eﬀects and assuming that the inner surface atoms of the outer tube and those located on the
outer surface of the inner tube dominate the van der Waals force, we apply the transversely isotropic linear
elastic model to the outer tube and deduce expressions for displacements in the r and z directions. Deforma-
tions on the outer surface of the double-walled carbon nanotube due to the oscillations of the inner tube occur
in both the r and z directions. A transverse wave occurs in the r-direction which gives a rippling eﬀect on the
surface, while a longitudinal wave occurs in the z-direction which tends to compress the tube. The amplitude
of the deformation in the axial direction is much larger than that in the radial direction which implies that the
nanotube oscillator behaves like a spring.
We comment that the analysis presented here represents only a ﬁrst step, and that a more realistic model
might result if the two eﬀects of inter-tube friction and ﬂuctuations in the nanotube due to a ﬁnite temperature
are incorporated. These eﬀects may conceivably be larger than those examined here.
Fig. 3. The displacement u(c,z, t) on the outer surface of the outer tube (a) at t = 0, (b) at t = T/4, (c) at t = T/2 and (d) at t = 3T/4 where
T is the period.
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Fig. 4. The displacement w(c,z, t) on the outer surface of the outer tube (a) at t = 0, (b) at t = T/4, (c) at t = T/2 and (d) at t = 3T/4 where
T is the period.
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In this appendix, we present the main details for solving the stress boundary conditions, as a system of four
equations in four unknowns, shown below in (A.1).MA ¼
M11 M12 M13 M14
M21 M22 M23 M24
M31 M32 M33 M34
M41 M42 M43 M44
0
BBB@
1
CCCA
An1
An2
An3
An4
0
BBB@
1
CCCA ¼
0
0
0
sn
0
BBB@
1
CCCA: ðA:1Þwhere the components of the matrix M depend on n and are deﬁned byM11 ¼ anJ 0ðpn1cÞ 
C11
c
J 1ðpn1cÞ; M12 ¼ anY 0ðpn1cÞ 
C11
c
Y 1ðpn1cÞ;
M13 ¼ bnJ 0ðpn2cÞ 
C11
c
J 1ðpn2cÞ; M14 ¼ bnY 0ðpn2cÞ 
C11
c
Y 1ðpn2cÞ;
M21 ¼ cnJ 1ðpn1cÞ; M22 ¼ cnY 1ðpn1cÞ; M23 ¼ dnJ 1ðpn2cÞ;
M24 ¼ dnY 1ðpn2cÞ; M31 ¼ anJ 0ðpn1bÞ 
C11
b
J 1ðpn1bÞ;
M32 ¼ anY 0ðpn1bÞ 
C11
b
Y 1ðpn1bÞ; M33 ¼ bnJ 0ðpn2bÞ 
C11
b
J 1ðpn2bÞ;
M34 ¼ bnY 0ðpn2bÞ 
C11
b
Y 1ðpn2bÞ; M41 ¼ cnJ 1ðpn1bÞ; M42 ¼ cnY 1ðpn1bÞ;
M43 ¼ dnJ 1ðpn2bÞ; M42 ¼ dnY 1ðpn2bÞ;and sn is deﬁned bysn ¼ W
2naL1p2C44
cos
npðL2  L1Þ
2ðL1 þ L2Þ
 
 cos np
2
  	
:On using Cramer’s rule to solve (A.1), we obtainAn1 ¼ 1D
0 M12 M13 M14
0 M22 M23 M24
0 M32 M33 M34
sn M42 M43 M44


¼ sn
D
M12 M13 M14
M22 M23 M24
M32 M33 M34

; ðA:2Þ
An2 ¼ 1D
M11 0 M13 M14
M21 0 M23 M24
M31 0 M33 M34
M41 sn M43 M44


¼ sn
D
M11 M13 M14
M21 M23 M24
M31 M33 M34

; ðA:3Þ
Table
Values
(n1,n2)
(5,5)
(6,4)
(7,3)
(8,2)
(9,1)
(10,0)
(10,10
(50,50
(100,1
(200,2
Table
Values
Lu (19
N
1
2
3
4
5
6
7
8
9
10
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M11 M12 0 M14
M21 M22 0 M24
M31 M32 0 M34
M41 M42 sn M44


¼ sn
D
M11 M12 M14
M21 M22 M24
M31 M32 M34

; ðA:4Þ
An4 ¼ 1D
M11 M12 M13 0
M21 M22 M23 0
M31 M32 M33 0
M41 M42 M43 sn


¼ sn
D
M11 M12 M13
M21 M22 M23
M31 M32 M33

; ðA:5Þwhere D = det(M).Appendix B. Values of elastic constants Cij
In this appendix, we use the formulae (9) to convert the elastic moduli to the elastic constants Cij and we
compare the values of the elastic constants based on the work of Lu (1997), Jin and Yuan (2003) and Shen and
Li (2005).
The values of elastic constants based on the three sets of data given by Lu (1997), Jin and Yuan (2003) and
Shen and Li (2005) are shown in Tables B.1–B.5, respectively.
We compare the values of elastic moduli and elastic constants for single-walled carbon nanotubes (10,10),
shown in Table B.6. The major problem in this study is that every author describes the various elastic moduli
by diﬀerent symbols. However, we observe that the values of the elastic moduli in the longitudinal direction ofB.1
of elastic constants for single-walled carbon nanotubes (n1,n2) based on Lu (1997)
C11 C12 C13 C33 C44 C11–C12
0.397 0.132 0.148 1.054 0.436 0.265
0.397 0.126 0.146 1.054 0.437 0.271
0.397 0.126 0.146 1.055 0.454 0.271
0.397 0.132 0.148 1.057 0.452 0.265
0.396 0.140 0.150 1.058 0.465 0.256
0.396 0.133 0.148 1.058 0.451 0.263
) 0.398 0.133 0.147 1.054 0.457 0.265
) 0.399 0.135 0.148 1.054 0.458 0.264
00) 0.399 0.135 0.148 1.054 0.462 0.264
00) 0.399 0.135 0.148 1.054 0.478 0.264
B.2
of elastic constants for the series of multi-walled carbon nanotubes (5n, 5n) where n = 1,2,3,. . . and N is a number of walls based on
97)
C11 C12 C13 C33 C44 C11–C12
0.397 0.113 0.143 1.050 0.436 0.283
0.412 0.137 0.148 1.130 0.455 0.275
0.413 0.071 0.130 1.150 0.464 0.342
0.412 0.141 0.149 1.170 0.472 0.271
0.411 0.142 0.149 1.180 0.481 0.269
0.411 0.142 0.149 1.180 0.491 0.269
0.410 0.074 0.130 1.180 0.502 0.336
0.410 0.143 0.149 1.190 0.514 0.267
0.410 0.143 0.149 1.190 0.527 0.267
0.410 0.143 0.149 1.190 0.541 0.267
Table B.3
Elastic constants of single-walled carbon nanotubes (n,n) based on Jin and Yuan (2003)
n C11 C12 C13 C33 C44 C11–C12
6 1.368 0.198 0.254 1.432 0.483 1.169
7 1.348 0.145 0.251 1.432 0.487 1.203
8 1.388 0.075 0.249 1.432 0.489 1.263
9 1.388 0.054 0.247 1.432 0.492 1.284
10 1.342 0.125 0.246 1.431 0.493 1.217
11 1.346 0.139 0.245 1.431 0.494 1.210
12 1.336 0.073 0.244 1.430 0.493 1.263
13 1.341 0.098 0.243 1.430 0.494 1.243
14 1.335 0.065 0.243 1.429 0.494 1.269
15 1.339 0.092 0.242 1.427 0.495 1.247
16 1.335 0.064 0.242 1.428 0.495 1.271
17 1.332 0.030 0.242 1.428 0.495 1.302
18 1.335 0.064 0.241 1.428 0.492 1.271
19 1.338 0.087 0.241 1.427 0.495 1.251
20 1.337 0.022 0.241 1.427 0.495 1.359
Table B.4
Values of elastic constants of single-walled carbon nanotubes (n,n) based on Shen and Li (2005)
n C11 C12 C13 C33 C44 C11–C12
10 0.00664 0.00330 0.00161 1.06052 0.44200 0.00334
15 0.00198 0.00099 0.00048 0.70715 0.30100 0.00099
20 0.00083 0.00042 0.00020 0.53106 0.22700 0.00042
25 0.00043 0.00021 0.00010 0.42503 0.18200 0.00021
30 0.00025 0.00012 0.00006 0.35402 0.15200 0.00012
35 0.00016 0.00008 0.00004 0.30401 0.13100 0.00008
40 0.00010 0.00005 0.00002 0.26601 0.11400 0.00005
45 0.00007 0.00004 0.00002 0.23601 0.10200 0.00004
50 0.00005 0.00003 0.00001 0.21300 0.09200 0.00003
Table B.5
Values of elastic constants of double-walled carbon nanotubes which the inner tube (5,5) and the outer tube (n,n) based on Shen and Li
(2005)
n C11 C12 C13 C33 C44 C11–C12
10 0.04090 0.01972 0.00946 1.58295 0.49300 0.02118
15 0.03492 0.01675 0.00775 1.41233 0.39800 0.01818
20 0.03129 0.01496 0.00680 1.32200 0.35300 0.01633
25 0.02882 0.01376 0.00618 1.27179 0.32700 0.01506
30 0.02703 0.01290 0.00571 1.24163 0.31000 0.01413
35 0.02565 0.01224 0.00538 1.21153 0.29800 0.01341
40 0.02454 0.01171 0.00511 1.19144 0.28900 0.01284
45 0.02365 0.01128 0.00489 1.18137 0.28200 0.01236
50 0.02288 0.01092 0.00470 1.17131 0.27700 0.01196
8310 D. Baowan, J.M. Hill / International Journal of Solids and Structures 44 (2007) 8297–8312each author compare very well, but there are quite signiﬁcant diﬀerences in the transverse plane. In terms of
the elastic constants, the results from Jin and Yuan (2003) and Lu (1997) are only slightly diﬀerent, but there
are signiﬁcant diﬀerences with the results of Shen and Li (2005). We notice that the value of in-plane shear
modulus (G23) from Shen and Li (2005) is reported in GPa units, whereas the other elastic moduli are
expressed in TPa units.
Table B.6
The values of elastic moduli and elastic constants for single-walled carbon nanotube (10,10) of three studies: Jin and Yuan (2003), Lu
(1997) and Shen and Li (2005)
Elastic moduli, constants Jin and Yuan (2003) Lu (1997) Shen and Li (2005)
E 0 1.235 0.972 1.060
m 0 0.259 0.278 0.162
l 0 0.493 0.457 0.442
E 1.241 0.344 0.005
m 0.019 0.296 0.497
C11 1.342 0.398 0.00664
C12 0.125 0.133 0.00330
C13 0.246 0.147 0.00161
C33 1.431 1.054 1.06052
C44 0.493 0.457 0.44200
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